The ability to calculate flows generated by oscillating cylinders immersed in fluid is a cornerstone in micro-and nanodevice development. In this article, we present a detailed theoretical analysis of the hydrodynamic load experienced by an oscillating rigid cylinder, of arbitrary rectangular cross section, that is immersed in an unbounded viscous fluid. We also consider the formal limit of inviscid flow for which exact analytical and asymptotic solutions are derived. Due to its practical importance in application to the atomic force microscope and nanoelectromechanical systems, we conduct a detailed assessment of the dependence of this load on the cylinder thickness-to-width ratio. We also assess the validity and accuracy of the widely used infinitely-thin blade approximation. For thin rectangular cylinders of finite thickness, this approximation is found to be excellent for out-of-plane motion, whereas for in-plane oscillations it can exhibit significant error. A database of accurate numerical results for the hydrodynamic load as a function of the thickness-to-width ratio and normalized frequency is also presented, which is expected to be of value in practical application and numerical benchmarking.
I. INTRODUCTION
The dynamic response of elastic beam resonators is used in a host of practical applications, including the ultrasensitive measurement of mass using nanoelectromechanical systems ͑NEMS͒ 1-3 and microfluidic devices, 4,5 detection of fluid properties using microcantilever sensors, 6 and force measurement using the atomic force microscope ͑AFM͒. 7, 8 It is widely recognized that the frequency response of such elastic bodies can depend strongly on the fluid in which they are immersed, and over the past decade there have been a number of theoretical treatments of this problem, with particular emphasis given to cantilever beams. [9] [10] [11] [12] [13] [14] [15] Many of these theoretical models are also applicable to elastic beams under different clamp conditions, as discussed in Ref. 16. Intrinsic to these theoretical treatments is the approximation of the hydrodynamic load at any section along the deforming elastic beam by the two-dimensional flow generated by a corresponding rigid cylinder ͑of identical cross section and oscillation amplitude͒, the theoretical basis of which is discussed in Ref. 14 . This approximation has been validated by numerous workers using both numerical simulations of the full three-dimensional flow 9 and experiment. 17 In many cases, the oscillating cylinders are considered to be sufficiently thin so as to facilitate the use of a model involving an infinitely thin blade. [9] [10] [11] [12] [13] [14] [15] [16] This "infinitely thin" model has found great utility in analyzing practical device behavior and is the basis of many theoretical treatments of cantilever beams immersed in fluids. These include studies of proximity effects to solid surfaces 10, 12, 18 and hydrodynamic coupling between arrays of micromechanical oscillators. 19 Importantly, however, many devices also possess beams whose thickness-to-width ratio draws into question the validity of this infinitely thin approximation. This is particularly the case in NEMS devices, which can exhibit thicknesses comparable to the beam width. [20] [21] [22] [23] No model for this important practical case exists currently, and the precise regime under which the infinitely thin model holds is unknown.
In this article, we investigate the practical case of an oscillating ͑rigid͒ cylinder of arbitrary rectangular cross section immersed either in an inviscid or a viscous fluid, and thus address this important gap in the literature. The following terminology shall be used: ͑i͒ a "beam" shall henceforth refer to an elastic ͑deformable͒ beam, ͑ii͒ a "cylinder" refers to a rigid cylinder, the cross section of which is arbitrary, and ͑iii͒ a "blade" is a rectangular cylinder of zero thickness.
Developments in NEMS technologies have also facilitated the use of vibration modes not commonly addressed in the literature, e.g., see Bargatin et al . 21 who studied both the in-plane and out-of-plane motions of moderately thin siliconcarbide beams. These devices were actuated thermoelastically at room temperature and their motion detected piezoresistively. 21 Such strain sensing allows for great flexibility in detection, and thus operation using a wider range of modes than that achievable using more conventional detection schemes, such as optical interferometry and optical lever sensing. Analysis of the in-plane oscillation of thin beams in viscous fluids is an outstanding problem that is critical to understanding the operation of these new technologies.
We systematically study the oscillation of rectangular cylinders of arbitrary aspect ratio ͑thickness/width͒ immersed in unbounded viscous fluids by adopting and extending the boundary integral technique of Tuck. 24 We also consider the limiting cases of an infinitely thin blade, where the direction of motion is in-plane and out-of-plane to the blade surface. The latter case was originally studied numerically by Tuck, and an exact analytical solution to this problem appeared recently. 25 This exact solution will be used as a benchmark to assess the accuracy of the present numerical scheme. We also improve on the original numerical approach of Tuck using the process of Richardson extrapolation. 26 This greatly accelerates convergence and allows achievement of high accuracy in the numerical results while using moderate mesh spacing. The presented database of numerical results ͑in Sec. III͒ is expected to facilitate practical application and allow for benchmarking of future analytical and numerical investigations.
The corresponding formal limit of inviscid flow is solved using the method of conformal mapping. 27 An exact analytical solution for the hydrodynamic load is obtained in this case, from which asymptotic results are derived for thin cylinders executing in-plane and out-of-plane oscillations. These results establish that previous heuristic approximations [28] [29] [30] for the effect of finite thickness do not exhibit the correct functional forms, as we shall discuss.
Importantly, we find that use of the infinitely thin approximation yields accurate results for out-of-plane motion of moderately thin rectangular cylinders over a large range of aspect ratios ͑thickness/width͒. Conversely, in-plane motion of such cylinders is found to be poorly described by the infinitely thin model. The underlying physical mechanisms giving rise to this differing behavior are explored.
The findings of this article have significant implications to AFM cantilever characterization methods that assume an infinitely thin geometry, [31] [32] [33] [34] [35] and NEMS devices which are intrinsically capable of probing both in-plane and out-ofplane motion sensing, 21 as we shall discuss. The present theoretical model allows for calculation of both inertial and dissipative forces generated by the fluid, and is thus expected to find utility in a host of applications involving oscillating elastic beam resonators.
We begin with the principal underlying assumptions of the model in Sec. II. A short review of the boundary integral method of Tuck 24 is then presented, which is followed by its application to a cylinder of arbitrary rectangular cross section. Use of Richardson extrapolation in this method is then discussed. Results arising from these numerical investigations are presented in Sec. III and their implications explored. Solutions for infinitely thin blades undergoing inplane and out-of-plane oscillations, and exact analytical and asymptotic solutions for inviscid flow of a rectangular cylinder of arbitrary aspect ratio, are relegated to the Appendixes A and B.
II. THEORETICAL MODEL
A schematic diagram of the cylinder cross section is given in Fig. 1͑a͒ . The cylinder is immersed in an unbounded quiescent fluid, and the flow problem is assumed to satisfy the following constraints:
͑1͒ The cylinder is assumed to be of infinite extent perpendicular to its cross section, i.e., in the x-direction; ͑2͒ the cross section of the cylinder is rectangular and uniform along its length; ͑3͒ the cylinder is executing oscillations in the y-direction, normal to its longitudinal axis; ͑4͒ the oscillation amplitude is small, so that the NavierStokes equation can be linearized; see Ref. 14 for a discussion of the practical implications of this assumption.
In contrast to previous theoretical models, [9] [10] [11] [12] [13] [14] [15] the aspect ratio h / b is taken to be arbitrary; see Fig. 1͑a͒ . The fluid is also assumed to be incompressible, which is a valid approximation in many cases of practical interest; 14 for a discussion of compressibility effects, see Ref. 16 .
Since we are interested in the flow generated by small amplitude oscillations of the cylinder, we take the Fourier transform of the incompressible linearized Navier-Stokes equations, yielding
where
for any function of time Z, and i is the usual imaginary unit. Henceforth, we shall omit this superfluous "hat" notation, since all results shall be presented in the frequency domain. The vector u is the velocity field, p is the pressure, is the density of the fluid, and its shear viscosity. The hydrodynamic force per unit length, F hydro , experienced by the cylinder can be nondimensionalized 14 to give
where ⌫͑͒ is the "hydrodynamic function" which is a complex-valued dimensionless function, and W cyl is the displacement amplitude of the cylinder in the same direction as the force, i.e., in the y-direction. The constant X is the dominant length scale of the flow, which is taken to be max͑h , b͒, see Fig. 1͑a͒ . The real and imaginary components of the hydrodynamic function represent the added apparent mass ͑inertial͒ and dissipative ͑damping͒ components of the load.
Tuck 24 gave a two-dimensional streamfunction representation of Eq. ͑1͒ for the flow generated by a cylinder of arbitrary cross section executing small amplitude oscillations in an unbounded quiescent fluid,
where the contour C coincides with the surface of the cylinder and encompasses the entire fluid domain. 18, 24 The streamfunction satisfies ٌ 4 = ␣ 2 ٌ 2 . In Eq. ͑3͒, the subscripts l and n represent the derivatives tangential and normal to C, respectively, and is the component of the vorticity in the x-direction. The function ⌿ is the corresponding Green's function for the streamfunction, and thus satisfies
where K 0 is the modified Bessel function of the third kind, zeroth order. 36 In Eq. ͑4͒, ␣ 2 =−i / and R = ͱ ͑y − yЈ͒
The parameter is the kinematic viscosity of the fluid and is the angular frequency at which the cylinder oscillates. We also have
It is convenient to pose the problem in the noninertial reference frame of the cylinder, since its surface then constitutes a single streamline; the value of the corresponding streamfunction at the cylinder surface is set to zero. Physically, this reference frame corresponds to a stationary cylinder immersed in an unbounded fluid that is oscillating at angular frequency . In this noninertial reference frame, the reduced fluid velocity u is related to the true fluid velocity u by
where u cyl is the true velocity of the cylinder surface. The "overscore" shall henceforth refer to reduced variables in this noninertial frame of reference.
The corresponding boundary conditions for the reduced velocity are
at cylinder surface ͑no-slip͒, − u cyl , at infinity.
ͮ ͑6͒
Substituting Eq. ͑5͒ into Eq. ͑1͒ then yields
where the reduced pressure p is related to the true pressure p by
and U cyl is the y-component of the cylinder velocity, as the cylinder is taken to be oscillating in this direction-this choice is arbitrary and the z-direction could have been equivalently chosen. The governing flow equation remains unchanged except for the inclusion of an extra body force term due to use of a noninertial frame of reference, as specified in Eq. ͑8͒.
Following the boundary integral formulation of Tuck 24 for the reduced governing equation, Eq. ͑7͒, the streamfunction in this noninertial reference frame then satisfies
where we have used the fact that and n are both identically zero at the cylinder surface. The integral in Eq. ͑9͒ is the disturbance flow due to the presence of the cylinder. In the absence of the cylinder, the integral in Eq. ͑9͒ vanishes and we are left with the streamfunction corresponding to uniform ͑rigid-body͒ oscillatory flow. The vector force F acting on any three-dimensional body with surface S, moving in any manner in an unbounded quiescent incompressible fluid, is given by
The component of the force in the y-direction ͑the direction of motion͒ is then
where C cyl is the cylinder surface. Comparing Eq. ͑10͒ with Eq. ͑2͒, and noting that U cyl =−iW cyl , we obtain the required result for the hydrodynamic function in the y-direction,
Since the problem is linear, Eq. ͑11͒ is independent of the oscillation amplitude.
A. Cylinder of arbitrary rectangular cross section
We now apply the above formulation to a cylinder of rectangular cross section executing small amplitude oscillations in the y-direction under the conditions detailed above. The contour of integration used in the boundary integral formulation, Eq. ͑9͒, is illustrated in Fig. 1͑b͒ and specified by C cyl = C 1 + C 2 + C 3 + C 4 . The side dimensions of the cylinder have been denoted a and d, and are related to the thickness h and width b, respectively, by a factor of 1/2. This allows for the same oscillation direction to be used throughout, as specified in Fig. 1͑b͒ , while choosing a different dominant length scale corresponding to the width or thickness. This notation is chosen purely for convenience. Although the mo-tion of the beam is restricted to the y-direction, we can investigate either in-plane or out-of-plane motion simply by choosing h Ͼ b or h Ͻ b, respectively.
Henceforth, the faces C 1 and C 2 as depicted in Fig. 1͑b͒ will be referred to as the leading and side faces, respectively. We consider the reduced problem and work in the noninertial reference frame of the cylinder, i.e., the cylinder is stationary and the unbounded fluid is oscillating. Without loss of generality, we initially consider 2a to be the dominant length scale, as illustrated in Fig. 1͑b͒ . The appropriate boundary conditions for the fluid at the cylinder surface are given in Eq. ͑6͒. We also make use of the fact that the pressure on the surface of the cylinder is symmetric about the y-axis and antisymmetric about the z-axis. Conversely, the vorticity at the surface is antisymmetric about the y-axis and symmetric about the z-axis. These symmetry conditions can be easily derived from the Navier-Stokes equation. 25 The aspect ratio ͑thickness/width͒ of the cylinder is defined as
Scaling the spatial dimensions by a, we obtain = y / a and = z / a. From this scaling, it follows that ͓−1,1͔ and ͓−1 / A ,1/ A͔. We also define the dimensionless frequency, ␤ = a 2 / ; this parameter is also commonly referred to as the Reynolds number, inverse Stokes parameter, or Womersley number. The reduced pressure and vorticity are scaled according to
Upon application of the appropriate boundary conditions, Eq. ͑9͒ yields the following pair of coupled integral equations:
where the right hand sides of the above equations are evaluated on the faces of the cylinder. These equations contain the nondimensionalized Green's function ⌿ = ⌿ / a 2 . To solve Eqs. ͑14͒ and ͑15͒, we discretize the integrals to obtain a system of linear equations. The expected square-root singularities in the pressure and vorticity at the corners of the cylinder cross section 24 are handled using the quadrature m =−͑1 / A͒cos͑m / M͒ and n = −cos͑n / N͒, where m =0,1, ... , M and n =0,1, ... ,N. Provided the discretization is sufficiently fine, the pressure and vorticity can then be approximated to be constant in each interval, i.e., P 1 ͑͒ = P 1,m and ⌳ 1 ͑͒ = ⌳ 1,m for m Ͻ Ͻ m+1 and P 2 ͑͒ = P 2,n and ⌳ 2 ͑͒ = ⌳ 2,n for n Ͻ Ͻ n+1 . Equations ͑14͒ and ͑15͒ thus become
where To close the system, we then demand that Eqs. ͑16͒ and ͑17͒ hold at the midpoint of each segment on the discretized in-
.. ,N − 1 and j =0, ... , M − 1. Applying these conditions to Eqs. ͑16͒ and ͑17͒ yields a matrix-vector equation
Interestingly, the majority of integrals in Eq. ͑18͒ can be evaluated analytically without recourse to numerical methods by noting that
All but two of the integrals in Eq. ͑18͒ can be evaluated analytically through use of these symmetry conditions. The integrals I 3 and J 1 are more stubborn and we must resort to numerical integration. MATHEMATICA ® was used in construction of the matrix system, Eq. ͑19͒, and for numerical evaluation of all functions.
Calculation of the hydrodynamic function follows directly from Eq. ͑11͒ in conjunction with the computed values of the pressure and vorticity. Recalling that ␤ = a 2 / , we find
whose discrete form is
where the constant term involving the aspect ratio A arises from the choice of a noninertial reference frame in the formulation. Clearly, if 2d is chosen as the dominant length scale then Eq. ͑21͒ can be trivially modified. Since the dominant length scale will be chosen to be the larger of 2a and 2d, Eq. ͑21͒ can be generalized to give
and = max͑a , d͒. In presenting Eqs. ͑21͒ and ͑22͒, we have implicitly assumed that M Ն N so that the dominant discretization error is of order O͑N −2 ͒. Numerical simulations in Sec. III are undertaken with M = N.
B. Richardson extrapolation
We note that the expression for ⌫͑͒ in Eq. ͑22͒ possesses a discretization error of order O͑N −2 ͒; this results from use of the midpoint rule. 26 Since this dominant error behavior is known, we employ the method of Richardson extrapolation to accelerate convergence using a sequence of solutions for various N. This facilitates accurate numerical solutions while using modest mesh sizes and hence moderate values of N. The process of Richardson extrapolation is discussed by Hornbeck 26 and summarized here. We begin with n estimates ⌫ 1,i ͑i =1, ... ,n͒ for ⌫, computed on a series of meshes for which N differs by a factor of 2, i.e., N =2
i−1 N 0 , where N 0 is a positive integer. The following extrapolation formula is then used to estimate and remove the dominant error term in these initial results:
where the parameter l is the iteration number and p is the inverse power of the dominant error term, which in our case is p =2. This yields n − 1 new estimates for ⌫, each with the dominant error term removed. Equation ͑24͒ is then used recursively until only a single value for ⌫ remains. For example, choosing four values of N ͑and hence ⌫͒ with an associated error of O͑N −2 ͒ results in a single value for ⌫ whose dominant error is O͑N −8 ͒ after three cycles of iteration. This iteration procedure is used in Sec. III to greatly accelerate convergence of numerical results.
III. RESULTS AND DISCUSSION
Results shall now be presented for cylinders of arbitrary rectangular cross section and infinitely thin blades executing in-plane and out-of-plane oscillations; see Appendixes A 1 and A 2 for solutions to the latter cases. The solution for inviscid flow is given in Appendix B. We study the vorticity and pressure generated at the surfaces of these twodimensional bodies and examine the physical implications of these results to the net hydrodynamic load. We also present accurate numerical results for the hydrodynamic function ⌫͑͒ in Table I , which is expected to be of significant value in practical applications and numerical benchmarking of future studies.
A. Infinitely thin blade

Out-of-plane oscillation
We first consider an infinitely thin blade executing outof-plane oscillations in a viscous fluid. The boundary integral method of Tuck 24 is used to solve this problem, an outline of which is given in Appendix A 2. Since the quadrature scheme used in this method is identical to that in Sec. II A, the associated discretization error is also of order O͑N −2 ͒. Consequently, the method of Richardson extrapolation is directly applicable, and the aim of this section is to demonstrate its utility in accelerating convergence. This is particularly important since computational time increases as N 2 . The exact analytical solution presented in Ref. 25 is used to benchmark this study.
We focus on a single value of ␤ to demonstrate the salient features of this extrapolation procedure. In Fig. 2 , we present values of the hydrodynamic function for ␤ =1/ 4 and various N; this value of ␤ is chosen since accurate numerical data ͑correct to six significant figures͒ are given in Ref. 25 : ⌫ exact = 6.643 52+ 10.8983i. The "computed" column in Fig.  2 contains raw output from the Tuck solution, whereas data in the columns to the right are obtained using the process of Richardson extrapolation, i.e., Eq. ͑24͒.
It is evident from Fig. 2 that use of Richardson extrapolation greatly accelerates convergence for a given value of N. In particular, note that ⌫ is accurately computed to six significant figures using raw results for N = 10, 20, 40, and 80 and the Richardson extrapolation procedure. This contrasts to the raw solution for N = 320 that exhibits accuracy to only five significant figures.
As mentioned above, the computational time taken to construct the matrix system grows with N 2 due to the number of entries in the resultant matrix. Use of a minimal value of N is thus highly desirable for computational efficiency. For out-of-plane oscillations of an infinitely thin blade, the matrix entries can be evaluated analytically, thus facilitating computational speed. However, for rectangular cylinders of finite thickness and in-plane oscillations of infinitely thin blades, some integrals require numerical evaluation; see Eqs. ͑18͒ and ͑A8͒. This greatly increases computational time, and efficiency improvements through use of Richardson extrapolation are thus essential to achieving highly accurate solutions.
In-plane oscillation
Next, we examine the in-plane oscillations of an infinitely thin blade in a viscous fluid, the solution method of which is given in Appendix A 1. Note that the primary fluid variable involved in determining the hydrodynamic load is the vorticity at the blade surface; the pressure does not contribute to the load. The resulting matrix-vector system in Eq. ͑A7͒ can be readily constructed and solved using MATHEMATICA ® , yielding the vorticity at the corresponding mesh points. Although an exact analytical solution to this flow problem does not exist, we can analytically examine the solution behavior in the asymptotic limit of ␤ ӷ 1. In this asymptotic limit, thin viscous boundary layers exist at the blade surfaces, the flow field of which is given by Stokes' second problem for the oscillations of an infinite half-space in an unbounded fluid; 37 effects associated with the blade edges exhibit a comparatively negligible effect. This yields the following asymptotic result for the scaled vorticity at the blade surface ͑away from the edges͒: Figure 3 shows the vorticity distribution for various values of ␤ and the asymptotic solution for ␤ ӷ 1. Since the vorticity is an even function of , results are presented for ͓0,1͔ only.
͑25͒
Note that both the real and imaginary components of the vorticity approach the asymptotic solution in Eq. ͑25͒ as ␤ increases. We emphasize that the asymptotic solution, Eq. ͑25͒, is not applicable in the immediate vicinity of the blade edges. Viscous boundary layers in these regions can no longer be considered thin and square root singularities are observed in the full numerical solution, as expected. These singularities are inherently captured by the choice of numerical quadrature, as discussed in Appendix A 1. These results serve to illustrate the validity of the numerical method in calculating the vorticity distribution across the faces of the blade.
In contrast to the out-of-plane case, the integrals involved in constructing the matrix system for in-plane oscillations do not permit analytical evaluation. Since the discretization error is also of order O͑N −2 ͒, the Richardson extrapolation procedure detailed above is used to accelerate convergence and improve computational efficiency. This is applied only to numerical results for the hydrodynamic function in order to achieve highly accurate solutions, since differences in the vorticity are indiscernible in Fig. 3 .
Results for the hydrodynamic function as a function of ␤ are given in Fig. 4 . As expected, these numerical results approach the required asymptotic solution as ␤ → ϱ, providing validation of the full numerical solution. Importantly, we find that reducing ␤ enhances the hydrodynamic load experienced by the blade. This is more pronounced in the dissipative component of the load ͑imaginary part͒, with the inertial component ͑real part͒ exhibiting a relatively weak enhancement. This contrasts to the out-of-plane result, which exhibits similar enhancement in both inertial and dissipative components of the load. This difference appears to be connected to the pressure, which does not contribute to the hydrodynamic load for in-plane motion; the hydrodynamic load for out-ofplane motion is determined solely from the pressure distribution. We will discuss further the relative contributions of the vorticity and pressure in determining the hydrodynamic load in Sec. III B, where we examine the oscillations of a rectangular cylinder of finite thickness.
B. Rectangular cylinder of finite thickness
For a rectangular cylinder of finite thickness, the hydrodynamic load is determined by the pressure and vorticity distributions on the leading and side faces, respectively. We now present results for these quantities that have been obtained using the theory detailed in Sec. II A. We again make use of the inherent symmetry in the cylinder geometry and display results only for half of the physical domain.
Figures 5-8 present results for the pressure and vorticity distributions over the faces of a square cylinder ͑A =1͒. Both real and imaginary components are presented. Note that the pressure distribution on the leading face differs markedly from that on the side face. As ␤ increases, the pressure distribution away from the edges asymptotes to a limiting solution that corresponds to the inviscid result. Figure 9 presents the hydrodynamic function versus the dimensionless frequency ␤ for a cylinder of square cross section, i.e., A = 1. Richardson extrapolation has been employed to accelerate convergence of the numerical solution. Also shown are numerical results for the limiting cases of an infinitely thin blade exhibiting out-of-plane and in-plane motions. Note that scaling of the hydrodynamic load differs in these two limiting cases; one is scaled by the width b, whereas the other is scaled by the thickness h, as discussed above. However, for an aspect ratio of A = 1, these scalings are identical and results for the square cross section are hence directly comparable to both infinitely thin solutions. Interestingly, we find that the solution for a square cylinder closely follows that of the out-of-plane motion of an infinitely thin blade. While significantly different quantitative behavior is observed for in-plane motion of an infinitely thin blade, similar qualitative variations as a function of ␤ are witnessed, i.e., both real and imaginary components of the hydrodynamic load decrease as ␤ increases. This is due to the viscous penetration depth over which vorticity diffuses, decreasing with increasing frequency.
Knowledge of dependence of the hydrodynamic function on the cylinder aspect ratio is of critical practical importance, since many microelectromechanical systems and NEMS devices use rectangular cylinders of arbitrary aspect ratio. [20] [21] [22] [23] 38 Importantly, it is frequently assumed that a cyl- 
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Oscillation of cylinders of rectangular cross section immersed in fluid Phys. Fluids 22, 052001 ͑2010͒ inder whose thickness is much smaller than its width can be approximated by one which is infinitely thin. The results in Fig. 9 provide some insight into the validity of this approximation. We now fully explore the regime of validity of this commonly used approximation, the results of which are presented in Fig. 10 . The limiting cases of an infinitely thin blade executing in-plane ͑A → ϱ͒ and out-of-plane ͑A → 0͒ motions are also presented. Note that the cusps observed in Fig. 10 at A = 1 are a consequence of different geometric scalings for A Ͻ 1 and A Ͼ 1. From Fig. 10 , it is immediately evident that in-plane motion ͑A Ͼ 1͒ is much more sensitive to finite cylinder thickness than out-of-plane motion ͑A Ͻ 1͒. The differences observed in Fig. 10 are quantified in Tables II and III for ␤ = 10. Similar results are obtained across the range 1 / 10Ͻ ␤ Ͻ 10 and are hence not presented here. These tables give the percentage relative difference between the hydrodynamic load for ͑i͒ rectangular cylinders of various aspect ratios A and ͑ii͒ the corresponding infinitely thin blades. Note that the effect of finite blade thickness differs markedly for in-plane and out-of-plane motions. For example, comparing the results for in-plane motion of an infinitely thin blade ͑A → ϱ͒ with that of a thin rectangular cylinder, A = 10, we find that the hydrodynamic load differs by 41% and 24% in the real and imaginary components, respectively. For out-of-plane motion, however, the differences between the infinitely thin case ͑A → 0͒ and a thin rectangular cylinder of identical geometry, A =1/ 10, are only 5.0% and 2.1% for the real and imaginary components, respectively.
We remind the reader that in-plane and out-of-plane motions of a thin rectangular cylinder are selected using the aspect ratio in the present formulation-a cylinder of aspect ratio A that undergoes in-plane motion will possess an aspect ratio of 1 / A for out-of-plane motion. Furthermore, the concept of in-plane and out-of-plane motions is only pertinent in cases where either A ϵ h / b ӷ 1 or h / b Ӷ 1, since one length scale of the cylinder greatly exceeds the other.
These results demonstrate that the hydrodynamic load induced by a thin rectangular cylinder of finite aspect ratio, A =1/ 10, is well approximated by that of an infinitely thin blade undergoing out-of-plane motion. The agreement improves dramatically as the aspect ratio is reduced further, and we observe an order-of-magnitude improvement in the relative difference with an order-of-magnitude decrease in A. Even for thick cylinders, up to an aspect ratio of A =1/ 2, the error induced by approximating the cylinder by an infinitely thin blade is only approximately 20%. In contrast, in-plane motion does not display the same level of agreement as that exhibited by out-of-plane motion. The percentage relative differences for the same cylinder shape, i.e., A in-plane =1/ A out-of-plane , are approximately an order of magnitude larger than those for out-of-plane motion; see Table II . This indicates that the infinitely thin approximation for in-plane motion should only be used for extremely thin blades, e.g., A տ 50 if accuracy better than 10% is required.
The underlying reason for the difference between the in-plane and out-of-plane results is due to the effects of pressure. For in-plane motion of an infinitely thin blade, the hydrodynamic load is unaffected by the pressure in the fluid, whereas the pressure is the only contributor for out-of-plane motion. Increasing the cylinder thickness from this limiting case then results in a nonzero pressure contribution in the in-plane case at the leading faces of the cylinder. This has a dramatic effect and strongly enhances the overall hydrodynamic load. The results for in-plane and out-of-plane motions demonstrate that ͑i͒ the pressure contribution from the leading face dominates ͑ii͒ the contribution from the vorticity ͑shear stress͒ on the side face in determining the overall hydrodynamic load.
Importantly, the inviscid result ͑␤ → ϱ͒ establishes that the inertial component of the hydrodynamic load is enhanced for a cylinder of finite thickness executing out-of-plane motion in comparison to the infinitely thin result. Since this load is only dependent on the pressure distribution across the leading face, see Eq. ͑20͒, we find that the net pressure jump across the cylinder is enhanced by increasing the cylinder thickness; see Appendix B for a detailed discussion. Results for the viscous case are consistent with this observation, with the added effect of the viscous boundary layer enhancing both the inertial and dissipative components of the load. Comparison of the inviscid and viscous cases for high ␤ shows that enhancement due to the viscous boundary layer and the increase in the inviscid component of the pressure accounts for the marked differences between results for the real and imaginary components in Tables II and III . Namely, for a cylinder of finite thickness the imaginary component displays better agreement with the infinitely thin result than the real component.
C. Practical implications to AFM cantilever calibration
These findings are of great significance in practice, since they provide rigorous justification for the current widespread use of the infinitely thin blade approximation for out-ofplane motion of oscillating beams of finite thickness. [9] [10] [11] [12] [13] [14] [15] This is particularly the case for standard experimental techniques, such as the Sader method, [31] [32] [33] [34] [35] that use the infinitely thin blade out-of-plane solution as their foundation for quantitative measurement of the stiffness of AFM microcantilevers. Importantly, all practical cantilevers possess a finite aspect ratio ͑thickness/width͒. However, the results in Table III establish that there is very little difference in the hydrodynamic load between such practical devices and their infinitely thin counterparts. As such, successful and accurate calibration of AFM microcantilevers using these techniques does not rely on accurate knowledge of the microcantilever thickness.
Importantly, better agreement is observed for the imaginary component than for the real component of the hydrodynamic function, see Table III and discussion above. This is particularly significant, since the Sader method relies only on the imaginary component of the hydrodynamic functionthe measured spring constant is directly proportional to the hydrodynamic function ͓Eq. ͑4͒ of Ref. 31͔,
where k is the cantilever normal spring constant, is the fluid density, b the cantilever width, L its length, R the resonant frequency in fluid ͑air͒, Q is the quality factor in fluid ͑air͒, and ⌫ i the imaginary component of the hydrodynamic function for out-of-plane motion of an infinitely thin blade. We note that intrinsic errors in AFM measurements typically exceed 10%, and are thus larger than many of the entries in Table III . The present findings therefore enable use of ͑infinitely thin blade͒ techniques for calibration of thick microcantilever beams, with little compromise in accuracy. For example, Eq. ͑26͒ will exhibit an error of only 16% for a relatively thick cantilever beam of aspect ratio ͑thickness/ width͒ A =1/ 2 ͑at ␤ =10͒.
IV. CONCLUSIONS
We have theoretically investigated the flow generated by oscillating rectangular cylinders of arbitrary aspect ratio ͑thickness/width͒ immersed in fluid. Both the general viscous case and the inviscid limit were considered. The underlying principal assumptions were that the oscillation amplitude is small and the flow is incompressible. Both assumptions are satisfied in many cases of practical interest, including devices found in the AFM and NEMS. Since common elastic beam devices found in practice possess aspect ratios that deviate strongly from the infinitely thin limit, the results presented in this study are expected to be of significant practical value. Importantly, it was found that the infinitely thin blade solution provides an excellent approximation for out-ofplane oscillations of rectangular cylinders of finite aspect ratio ͑thickness/width͒: A Ͻ 1 / 2 ensures accuracy better than approximately 20% in the hydrodynamic load. This provides rigorous justification for use of the infinitely thin blade approximation for out-of-plane oscillations of beams in practice. This is particularly relevant for device characterization techniques found in the AFM and NEMS, where the infinitely thin blade formulation is common place.
The situation changes dramatically for in-plane oscillations, however, where the infinitely thin result is valid only for extremely thin blades: A Ͼ 50 is required for accuracy better than approximately 10%. This result establishes the critical importance of the size of the leading face for in-plane oscillations of thin beams. The difference between the outof-plane and in-plane results is due to the pressure contribution at the leading face being modified more strongly in the in-plane case relative to the infinitely thin result.
Finally, a database of highly accurate numerical results was presented for a wide range of aspect ratios and normalized frequencies. This is expected to find significant utility in characterization of devices found in AFM and NEMS, and in the benchmarking of future numerical schemes and analytical solutions.
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APPENDIX A: INFINITELY THIN BLADES
In-plane oscillation
We consider an infinitely thin blade oscillating in its own plane, subject to the no-slip boundary condition. To do so, we use the streamfunction presented in Eq. ͑9͒ and consider the contour C blade = C + + C − where C + and C − are the "top" and "bottom" sides of the cut extending from ͑−a ,0͒ to ͑a ,0͒ in the ͑y , z͒ plane; see where = + =− − is the vorticity distribution across the top face of the blade. By symmetry, the pressure difference ⌬p͑y͒ across the blade is equal to zero. Noting this, and setting zЈ = 0 after differentiating Eq. ͑A1͒ with respect to zЈ, we obtain the following integral equation:
2 ͵ −a a ͑y͒⌿ zz Ј ͑y,0;yЈ,0͒dy = U cyl . ͑A2͒
We have dropped the "bar" notation for ͑y͒ since the measured vorticity is the same as in the reference frame of the blade. Introducing the dimensionless spatial coordinate = y / a, vorticity ⌳͑͒ = ͑a / U cyl ͒͑y͒, and frequency ␤ = a 2 / , the integral equation becomes
͑A3͒
where the kernel function is defined as
We note that the in-plane motion of the blade is described by the above integral equation involving only the vorticity distribution along the contour. Note also the behavior of the kernel function for small and large values of its argument,
͑A6͒
The integral equation, Eq. ͑A3͒, for the vorticity distribution is solved numerically. This involves discretizing the domain ͓−1,1͔. This integral equation is then transformed into a matrix-vector equation using an appropriate quadrature method and solved. Before implementing this procedure, we note the following features relating to Eq. ͑A3͒; these are identical to those discussed by Tuck 24 for the out-of-plane case:
͑1͒ The presence of the logarithmic singularity in the kernel function at = Ј. ͑2͒ The blade under consideration is infinitely thin. At the leading edges, we expect the presence of a square-root singularity. 24 That is, we anticipate square-root singularities in ⌳͑͒ at = Ϯ 1. ͑3͒ If ␤ is large, then the exponential term in Eq. ͑A6͒ oscillates rapidly as it approaches zero.
Given these similarities between the in-plane and out-ofplane cases, we implement an identical numerical scheme to that proposed by Tuck for this in-plane case. Specifically, the interval is discretized using the points = j = −cos͑j / N͒ , j =0, ... ,N and we approximate ⌳͑͒ as a constant on each interval. However, the kernel function L in in the quadrature method is not approximated in each interval. We ensure the equation holds at the midpoint of each inter-
Using Eq. ͑A3͒ and approximating ⌳͑͒ = ⌳ j = const on each interval j Ͻ Ͻ j+1 results in the following equation:
with corresponding matrix elements 
͑A8͒
Evaluation of the elements of M in requires numerical computation, and we use the software package MATHEMATICA ® for this purpose. After calculation of the vorticity distribution, the hydrodynamic function is evaluated using Eq. ͑11͒. Recalling the definitions for the scaled quantities and noting that the dominant length scale is 2a, we obtain
͑A9͒
Since the blade is infinitely thin in the z-direction, the fictitious body force contribution ͓see Eqs. ͑8͒ and ͑11͔͒ resulting from the change in reference frame is zero.
a. High-frequency limit
In the limit of high frequency, in-plane oscillations of an infinitely thin blade in the fluid will generate a thin viscous boundary layer near its surface. In this limit, the fluid does not see the width of the blade, thus facilitating the use of an infinite plate solution. Using the well-known solution to Stokes' second problem, 37 we find that the hydrodynamic function can be expressed as
The length scale in Eq. ͑A10͒ has been implicitly removed by expressing the hydrodynamic function in terms of the dimensionless frequency ␤.
Out-of-plane oscillation
This problem was originally solved by Tuck, 24 a summary of which is given here. By considering the contour C blade = C + + C − where C + and C − are the "right" and "left" sides of the cut extending from ͑0,−d͒ to ͑0,d͒ in the ͑y , z͒ plane, the following integral equation is obtained:
͑A11͒
and the scaled frequency, spatial coordinate, and pressure are given by ␤ = d 2 / , = z / d, and P͑͒ = ͑d / U cyl ͒p͑z͒, respectively. In a manner completely analogous to the case of in-plane oscillation, the hydrodynamic function is then written in the discretized form 
͑A13͒
The above expression is used to calculate the hydrodynamic function presented in Sec. III A 1.
APPENDIX B: INVISCID FLOW
Exact solution
We now consider the case of inviscid flow. This corresponds to the formal asymptotic limit of infinite dimensionless frequency, i.e., ␤ → ϱ. The flow is again considered to be incompressible throughout and is solved using potential flow theory. The velocity field u is related to the velocity potential by u = ٌ. ͑B1͒
The solution to this flow problem is obtained using complex variable analysis. Specifically, conformal mapping of the original cylinder geometry onto a half-space enables the flow field and resulting force to be determined directly. Since the flow is symmetric about the z-axis ͓see Fig. 1͑a͔͒ , its solution can be obtained by considering only the region y Ն 0; see Figs. 11͑a͒ and 11͑b͒. Note that the calculation is performed in the reference frame of the cylinder as for the viscous case. As such, an additional body force must be included in the final force calculation, as specified in Eq. ͑8͒.
The original cylinder geometry in the Z-plane is mapped onto the W-plane using the conformal mapping 
͑B11͒
A comparison of these asymptotic results to the exact solution is given in Fig. 12 , where good agreement is observed in the limits of small and large h / b. Note that the hydrodynamic function has been normalized so that the width b of the cylinder is the dominant length scale for all aspect ratios A. This differs from the convention used above, but permits direct physical interpretation of the numerical results. 39 Specifically, Fig. 12 illustrates how the true hydrodynamic load varies as the thickness h is increased while the width b is held constant. Interestingly, we observe that the hydrodynamic load rises monotonically as the thickness is increased and asymptotes to a weak logarithmic dependence at large thickness. For example, in the case where the thickness h is 10 000 times larger than the width b, the hydrodynamic load is only a factor of 5 larger than the infinitely thin ͑zero thickness͒ case. The asymptotic analytical results in Eqs. ͑B10͒ and ͑B11͒ contrast to previous formulas in the literature. Specifically, Yu 30 and Payne 28, 29 reported thickness corrections of O͑ ͱ h / b͒ to the infinitely thin blade result of ⌫ = 1 when h / b Ӷ 1, rather than the logarithmic correction observed in Eq. ͑B10͒. Importantly, these previous theoretical results were obtained either by empirical or heuristic means, and thus have no formal mathematical basis. A similar conclusion is obtained in the opposite limit of h / b ӷ 1. 
